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+* Solved Problems on Euler’s Theorem : -

3y,3,3

X Zz XY+VZ+XZ
Q. If u=——. .+Iog{yy ]

X2 +y2+z

x2+yZ+z2

Let u=v+w
t9
V(txltV!tz)=Ev(XIYIz)

=t® v(x,y,2)
~ v is homogenous function of degree 6.

~« EulLer theorem for v we can write
X. — +y—y + Z——=6v (i)

w(tx,ty,tz)=t% w(x,y,z)
~ w is homogenous function of degree o

Hence by Euler theorem for w

ow ow ow .
X o +ya—y + z =0w=0 (ii)
Equation (i) +(ii) we get;

av aw av ow av aw
Xorton) TY {a, + a—y}“{a +5 ) =6v



Partial Derivatives Euler’s Theorem
du du u
S X—+y— + Z—=6v
ax oy P
X3y323
x3+y3+23

Q. u=g:_)—) , X=rcos@

Y=rsin©

u is homogenous of degree(-1)

x@+ U u
ax yay_

Solved Problems



_ 1 1 logx—logy
_szxyT x2+y2

X
1,1, tos()
u(xt,yt) = X2t2 xt+yt x2+y2+2

;{i+i+£@_}

t?2 [x2  xy x%+y%+42

=t2{i+i+ﬂ

x2  xy x%+y?+2

}=t2u(x, y)

~ u is homogenous function of degree -2

* by Euler’s theorem for u,

du 0du

X& +v6_y = (—Z)ll
du du

X3 +va_y + 2u=0

u=f(v)

~ prove that



~ prove that

Jdu

du
A VoS nvf'(v)

Deduce that if u=logv

x4y = p

Then S

Since v is homogenous function of degree n, by Euler’s

theorem for v

)(ﬁ + a—v-nv
dJx yay-

But u=f(v)
u— v — Xy

du _du v _,
9x ov ox

And

(*)



(i)+(ii)

x 2 4y 4z 2= qy—~cotw
ax oy 0z = 2

2.2 -2
x2y2z2 1 1 x+y+z
=4——— —cot { COS ™" {——
x2+y24z2 2 Vx+fy+vz

Q. If u=log(x3® + y3 — x%y — xy?)
. Ju au_
P.T. (i)x = +ya—y—3

9%u
— + -
dx2 oxdy dy?

(i) x?2
Solution:
u=log(x3 + y? — x%y — xy?)
fi(u)=e"=x3 + y3 — x%y — xy?=f(x,y)
Then f(xt,yt)=t3f(x,y)
~ fis a homogenous function of degree 3.

And f=f; (u)

~ bv corollarv (ii)



Q. Letv=

And

du du ov , av T
3y oy ay - (v). ™ (ii)
(i)x x +(ii) x y

LA TP SR U 1
xax +ya—f (V) {X 0x T yﬂy}

=f'(v)nv (from *)
Now if u=logv=f(v)

’ 1
e f (V) :;

" X 2u s @—nvxl—n
T ax yay_ v

Hence proved

xzyzzz X+y+Z }

= -1
W=CO0S {\/)_(+\/)_I+\/E

x%2+y2+z2

. u=v+w



6
V(xt,yt,zt)= gvixy.2)

=t* v(xy,2)

v is homogenous function of degree 4.

aov av_ odv =
X+ ya—y+za—y-4v (i)
now,
. -1 x+y+z
W=COS {—\/:7:+\/§+JE}
- - X+y+Z -
fl(w)-cosw-—&Jr ;D \E-f(x,y,z)

1
F(xt,yt,zt)=tzf(x,y,2)
~ fis a homogenous function of degree % and f=fy .y,

~ by corollary (ii)

" ﬂw+ ow zﬁw 1 f1(w)
“ax oy 9z 2, (w)

1 ( cosw 1 i
=—{ }:— Scotw (ii)



~ fis a homogenous function of degree 3.
And f=f; (u)

~ by corollary (ii)

ou Odu 3fy(u) 3e"
X— +y—=—"7F—"=—-=
Jx dy f{ (u) e"

by corollary (iii)

2 %u Q%u | o 0%u _ o
X" 2= +2Xy oxdy ¥ ay? =g(u)(g'(u) — 1)
_nf(w)
(u)=F7 =3
gu)=0

~ L.H.S of (1)=3 (0-1)=-3

Q. P.T. sin2u(1-4sin?u)

P VR



u:tan_l {—XS+Y3}
X-y
solution:
3 3
f,(u) = tanau = - LA f(x,y)

f(xt,yt)=t*f(x,y)
~ u is homogenous function of degree 2 by corollary 3.

X Uy + 2XYUyy + YUy, = g(u)(g'(w) —1) (i)

2f(u)
Where g(u)=——=
7
s
2tanu 2sinu 2 . .
g(u)= = X €c0os“u = 2sinu.cosu = sin,u

sectu cosu

L.H.S of (i) =sin2u(2cos2u-1) (ii)

=sin2u(2(1-2sin’u) — 1)



=sin2u(1-4sin?u)  ans3
From (ii) or =2sin2u.cos2u-sin2u
=sindu-sin2u ans2
From (iii) or =using sin(-sinu) of ans2

=2cos3u.sinu ansl

=f(x,y)

Q. u=cosec = | 7=
x/3+y 3

f(xt,yt)=t /12 (x,y)
f is a homogenous function of degree %

f=f,(u)

by corollary (3)



2 2 2
Qlf—+—2—+——=1 (i)

. T -
al+u b2+u  c?+u

Where u is homogenous function of degree and in x,y,z
P.T.

u, + uy? + u,2=2nu=2(xu,+yuy, + u,)
Solution:
Differentiate (i) w.r.t. x

—x2 2X _},2 Z

- =T -
(a24+u)? "X aZ+u bZ+u

2 2 2
2X=u>~t{x+y+z}

2y (@Z2+w)?2 = (b2+u)?  (cZ+u)?
‘ 2% ) ~ xz },2 ZZ
oo (32+u) =uxf where. f_{{az+u)2 ¥ (bZ_H_I)Z : 5 (CZ-H_[)Z}



Similarly

2y _
(bZ+u) =uys (3)
2z
s =uzf (4)

From (2),(3),(4)

UX2+u 2+uzz_ 4X2 g 4y2 + 422
y Tf2(@Z+uw)?  f2(b2+u)?  f2(cZ+u)?

4 %2 y2 92
"2 {(a2+u)2 T (b2 +u)? + (c2+u)2}

ux2+uy?+uz? =

(5)

-

** uis a homogenous function of deg n
. By Enter theorem xyx+ yuy+ zuz = nu (6)

From (s) & (6)

4 2
—=2nu i.e. —=nu
f f



x2 1,’,2 2

(a?+u)? 4 (b?+u)? i (c2+u)?

=f(xuy + yu, + zu,)

2f T N b=t
(a2+u)?2  (b2+u)? = (c2+u)?2) (nu)

2=fnu

E_llll
2=

Hence proved



